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Abstract. In the rigid body kinematics, the position of the mobile frame in
relation to the fixed frame is given by the base-change matrix. The elements of
this orthogonal matrix are given by the Euler’s angles. This paper establishes the
reverse link relations between the Euler’s angles and the elements of the base-
change matrix (directional cosines).
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1. Introduction

In the rigid body kinematics, one denotes OXYZ the fixed frame and
QX'Y'Z' the mobile frame attached to the rigid body in motion. The unit vectors
are i, J, k for OXYZ and ?, 7,/? for OX'Y'Z".

The Euler’s angles are the position angles between the mobile frame

and the fixed frame. In order to define these angles, one supposes that the
frames have the same origin (O = Q), considering only the rotational motion.

The Euler’s angles are defined as follows (Fig. 1):
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Fig. 1 — The Euler’s angles.

- one defines the node line as the intersection between the OXY plane
and the OX'Y" plane,

(N)=0XY N OX'Y"; (1)
- one defines the nutation angle between the OZ and OZ' axes,
0=<(0Z,07'), ee[O", 180°] : 2)

- one defines the unit vector of the node line using the vectorial operation

n= , 8#0,180° ; 3)
0
- one defines the precession angle
p=<x(,m), we[0,360°), )

directly measured in the OXY plane;
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- one defines the own rotation angle
p=<(i,m), @e[07,3607), (5)

directly measured in the OX'Y’ plane;
According to (4) and (5), one writes the following vectorial operations:

ixn=ksiny, i'xi=k'sing (6)

A=|ay ay ay |, (7

with the directional cosines as elements.

The base-change matrix is an orthogonal matrix (Ibanescu and Rusu,
1998; Mangeron and Irimiciuc, 1978, Tocaci 1985, Condurache and Burlacu,
2014), that means:

Al=4"= ap 4y dyp |, (8)

where A7 is the reverse matrix:
A-A"=4"4=1, . )

Between the column matrix of the fixed unit vectors and the column
matrix of the mobile unit vectors, one writes the following relations:

(7 7 ¥ =4[ 7 & (10)
(7 7 k] =at[7 T ¥ (1)

The elements of the base-change matrix satisfie the unitary norm
conditions and orthogonality conditions:
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3
Dal,=1, 0=123 (12)
pu=1
3 3 3
> a,a,,=0, Y a,a,=0, Y a,a,=0. (13)
p=l1 pu=l1 u=1

For the reverse matrix, one writes the same conditions:

3
Y, =1, 6=1,23 (14)
u=l1

3 3 3
Zaﬂlaﬂzzo, Zaﬂ2aﬂ3=0, Zaﬂ3aﬂl=0. (15)
u=l1 pu=1 pu=1

2. Content

The elements of the matrix of the directional cosines are expressed in
the field literature by the Euler’s angles (Ibanescu and Rusu, 1998; Mangeron
and Irimiciuc, 1978).

For the unit vector of the node line, there are written the following
relationships (Ibanescu and Rusu, 1998; Mangeron and Irimiciuc, 1978):

ﬁle'COSl//-l-f'Sil’ll//ZF'COS(D-F?'Sil’I(D (16)

By replacing the expressions of the fixed unit vectors i and j
according to the Eq. (11) and relationship (8), there results that:

(i'-a11 +Jj' - ay Jrlc'-cz31)-c031//+(i’-a]2Jrj’-a22 +k’-a32)-sinl//=

_ _ (17)
=i"-cosp+ j'-sing,
from which results that:
a,, -Cosy +a,, -siny =cos @
a,, -COSY +a,, -siny =sing (18)

a5, - COSY +ay, -siny =0
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The third Eq. (18) has the following solutions:
a a
cosy =+t—2 | siny=F—20— . (19)
\]0321 + a3, \/a321 +as,
By replacing the Egs. (19) into the first Eq. (18), there results that:

ta, -ay, Fa,-ay

b
2 2
\ a3 tas

cosQ = (20)

also into the second Eq. (18):

ta,, a3, F ay, a5

. @1
\]a; +a§2

According to the definition of the unit vectors, there applies the
following vectorial product:

sing =

ixj=k . (22)
According to the Eq. (11) and relationship (8), one writes:

i=a,-i'+ay, j+ay k' 23)

o Y] T
J=ap-i'tay jtay-k

Computing the vectorial product from Eq. (22) according to the Egs.
(23), one obtains the following equality:

!

(a21a32 —a22a31)l _(anaaz —a12a31)j’+(a”a22 — 454y )P:]; . (24)

Knowing the expression of the fixed unit vector k& according to the
Euler’s angles (Ibanescu and Rusu, 1998; Mangeron and Irimiciuc, 1978):

l?=—?-sin¢7-siny/+7-cosgo-sinl//+P‘c0s9 , (25)

one applies on this Eq. (25) a scalar multiplication with i' and 7 :
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k~?=—sin(p-sinly, k-?zcosgo-sinl// . (26)

By the scalar multiplication of the Eq. (24) with the mobile unit vectors
i" and j', one obtains the following:

o

A Gy — Ay @yy =k -
21833 — a3 b 27)
a0y — a0y =k - j
From the Egs. (26) and Egs. (27) it results:
Ay Qzy — Ay =—SIN@-SIN G
21932 2431 %4 (28)

a,,0y, — a,,ay, =COSQ-sind

According to the Eq. (10) and relationship (7), also to the Eq. (11) and
relationship (8), one writes:

k-k'=ay . (29)

According to the definition of the nutation angle, the scalar product
between the unit vectors of OZ and OZ' axes is the following:

k-k'=cosf, 6=<x(0Z,0Z"). (30)
From the Eq. (29) and Eq. (30) there results that:
cosf=ay;. (31)

Taking into account the domain of the nutation angle from the
relationship (2), one writes:

sin@=+/1-cos* @ . (32)

Using the third Eq. (12), Eq. (31) and Eq. (32), there results that

sinf =./a;, +a, . (33)

By replacing the Eq. (20), Eq. (21) and Eq. (33) into the Egs. (28), there
are obtained the following identities:
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Ay 03y = U0y = Fay,03, T Ay, a5 (34)

— b
a3y — ay,a3, = Lay,as, F ap,a5

from which it results that, into the Eqgs. (19), Eq. (20) and Eq. (21), there is
considered the sign below.

3. Conclusions

In conclusion, the relations that express the Euler’s angles according to
the elements of the base-change matrix, that is the directional cosines, there are
the relationships (19), (20), (21), (31) and (33).

For the precession angle, the Egs. (19):

coswz—%, sinwz% . (35)

2
Nt ag N3 T as

For the own rotation angle, the Eq. (20) and Eq. (21):

—a,,05, +a,a —0,,05, + a5
11732 12731 : 21732 22731
COSPp=—"F————", SMP=—"F———" . (36)

a3, + a3, \/a; +aj,
For the nutation angle, the Eq. (31) and Eq. (33):
cos@=ay,, sinf=.a; +a, . (37)

According to the Eq. (11) and the relationship (8), one writes for the
third unit vector of OXYZ :

k=a,i'+ay ) +auk' . (38)

From the Eq. (24) and Eq. (38), there results that:

Qi3 = Uy A3y —dpay; (39)

Up3 = appd3 — dp Ay

Also, according to the third Eq. (12), one writes that:

Jad +ad = 1-d . (40)



24 Eugen Corduneanu

By replacing the Egs. (39) into the Egs. (36), also by replacing the Eq.
(40) into the Egs. (35), Egs. (36) and into the second Eq. (37), one obtains the
following form for the Euler’s angles:

a3 a3
CoOSY =——F————, Sy =—f——
\/1—a323 \/1—a323
cosp=— | sinp=-——ad (41)

These Eqgs. (41) are the same relationships from the previous paper
(Corduneanu, 2019).
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EXPRESIILE UNGHIURILOR LUI EULER IN
FUNCTIE DE COSINUSURILE DIRECTOARE ALE AXELOR REPERULUI
TRIORTOGONAL IN CINEMATICA RIGIDULUI - II

(Rezumat)

in cinematica solidului rigid pozitia reperului mobil in raport cu reperul fix este
data de matricea schimbarii de baza. Elementele matricii ortogonale sunt exprimate prin
unghiurile Iui Euler. Lucrarea stabileste relatii de legaturd inversa intre unghiurile lui
Euler si elementele matricii schimbarii de baza (cosinusurile directoare).



